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Abstract
In this paper we derive a polarized CCFM equation for the evolution of unintegrated
(longitudinally) polarized quark and gluon parton distributions. The conventional CCFM
framework is extended at small x in order to incorporate the QCD expectations concerning
the double ln2(1/x) resummation at low x for the integrated distributions. Complete
Altarelli-Parisi splitting functions are included, that makes the formalism compatible with
the LO Altarelli-Parisi evolution at large and moderately small values of x. The CCFM
equation is shown to be partially diagonalized by the Fourier-Bessel transform. Results
of the numerical solution of the CCFM equation for the non-singlet quark distributions
are presented.
1 Introduction
The basic, universal quantities which describe the inclusive cross-sections of hard processes
within the QCD improved parton model are the scale dependent parton distributions. These
distributions depend upon the longitudinal momentum fraction x and the hard scale Q2 and
correspond to the integrals over transverse momentum k? of the so called unintegrated dis-
tributions describing the (scale dependent) x and k? parton distributions. The unintegrated
distributions are needed in the description of less inclusive quantities which are sensitive to the
transverse momenta of the partons [1] - [5].
The unintegrated parton distributions are described in perturbative QCD by the Catani,
Ciafaloni, Fiorani, Marchesini (CCFM) equation [6, 7, 8] which is based on color coherence
which implies angular ordering. It embodies in a unied way the (LO) Altarelli-Parisi evolu-
tion at large and moderately small values of x with the BFKL dynamics at small x.
The CCFM equation which was originally formulated for unpolarized parton densities has
recently been generalized on spin dependent unintegrated parton distributions [9]. Novel feature
of the spin dependent case is its dierent structure at small x and in particular absence of the
non-eikonal (or non-Sudakov) form-factors. We include here also the (spin dependent) quark
distributions, leading to the system of the CCFM equations for unintegrated spin dependent
quark and gluon distributions. The purpose of the present paper is to extend the analysis of
the CCFM equation for spin dependent unintegrated parton distributions and, to be precise,
we shall generalize the analysis of ref. [9] along the following lines:
1. We shall incorporate theoretical QCD expectations concerning the double logarithmic
small x eects. We observe in particular that both the angular ordering constraint and
the kernels of the corresponding system of the CCFM equations have to be appropriately
modied.
2. We shall include complete splitting functions Pab(z) and not only their singular and nite
parts in the limit z ! 1 and z ! 0 respectively.
3. We shall explore relative simplicity of the system of CCFM equations due to absence
of non-eikonal form-factors and utilize the transverse coordinate representation of those
equations. The transverse coordinate b? is related to the transverse momentum of the
partons through the Fourier-Bessel transform and the system of the CCFM equation can
be partially diagonalized by this transform.
The content of our paper is as follows: in the next section we recall the original formulation
of the CCFM equation developed in [9] and include the polarized quark distributions, while in
sections 3 and 4 we formulate the generalization of the CCFM framework, which will incorporate
the QCD expectations concerning the double ln2(1/x) resummation at low x and the complete
Altarelli-Parisi evolution of integrated densities in moderately small and large values of x. We
observe that the CCFM equations, including their extension discussed in sections 4 and 5 can
be partially diagonalized by the Fourier-Bessel transform. Section 5 is devoted to the numerical
analysis of the CCFM equations and for simplicity we limit ourselves to the non-singlet quark
distributions. Finally, in Section 6 we summarize our main results and give our conclusions.
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2 The original CCFM formulation for longitudinally po-
larized unintegrated parton distributions
Along the lines of [6][7][8] a version of the CCFM equation has been derived for the longitudi-
nally polarized gluon distribution [9]. For the corresponding expressions including quarks one
has to take into consideration that the soft emission occurs predominantly from a ladder of
gluons because of their larger spin quantum number. Therefore, quarks appear only as initial
states playing automatically the role of the hardest emission which enters in the Altarelli Parisi
splitting function, see Fig. 1. Therefore, the arguments presented in [9] are valid in the case
of quarks as well. The polarization does not enter into the soft emission. Consequently, again
a non-eikonal form factor is absent and the eikonal form factor is identical to the one in the
unpolarized case. Furthermore, in its original formulation the CCFM equation is an evolution
equation valid only in the limits x ! 0 and x ! 1, and therefore, the Altarelli Parisi kernels
enter only in interpolated form, taking the limits z ! 0 and z ! 1 into account. The complete



































Here fg is the unintegrated polarized gluon distribution function, fΣ the unintegrated po-
larized singlet quark parton distribution function and fk denotes any polarized non-singlet
combination of the quark parton distribution functions like the triplet (f3) and the octet
contribution (f8). For the convolution one has the structure:














PCCFM(z, q2?, Q2)f(x/z, k0?2, q2?) , (3)









































PAP0qg (z) . (4)
The eikonal form factors have the form:
(g,q)e (q

















and the interpolating Altarelli-Parisi kernels read then (c. f. [10]):








PAP0qq (z) = CF
1 + z2
1− z
PAP0gq (z) = CF (2− z) . (6)
The fact that in the polarized case the CCFM splitting kernels are independent of k? allows a
factorization in terms of the Fourier-Bessel transform:
(PCCFM ⊗f)(x, b2?, Q2) =
∫











PCCFM(z, q2?, Q2) f(x/z, b2?, q2?) . (7)
One should note that f(x, Q2) = f(x, 0, Q2) is just the k? integrated parton distribution.
3 Modifications to make contact with ladder diagrams
It may easily be observed that the angular ordering constraint which is embodied within the
CCFM equation generates the double ln2(1/x) terms for the integrated parton distributions.
These terms when resummed give the power-like  x−λ behavior at small x, where for the xed
coupling αs λ  pαs. The magnitude of λ is however dierent from that found in [11]-[14].
To be precise we should compare the magnitudes of the corresponding exponents which follow















In order to get the expected double logarithmic limit of the integrated distributions it is
sucient to replace the angular ordering constraint (Q − zjq?j) by the stronger constraint
(Q2 − zq2?) in the corresponding evolution equations for integrated distributions. The latter
just correspond to the CCFM equations at b? = 0. We assume that this replacement can be
done for arbitrary values of the transverse coordinate b?. We shall also make the following
modications of the original CCFM equations proposed in [9]:
1. The argument of αs will be set equal to q
2
? instead of q
2
?(1− z)2.
2. The non-singular parts of the splitting function(s) will be included in the denition of the
Sudakov form-factor(s).
3. Following ref. [14] we include complete splitting functions Pab(z) and not only their










































Figure 1: Construction of the polarized CCFM equation for quarks form the one for gluons.
The kernels for qq, qg and gq splitting are subsequently constructed from the gg soft emission
by amending the corresponding hard initial states. Here the solid line describes gluons while
the dashed line denotes quarks.
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4. We represent the splitting functions Pab(z) as Pab(z) = Pab(0) +  Pab(z) where
 Pab(0) = 0. Following [14] we shall multiply Pab(0) and  Pab(z) by (Q
2 − zq2?)
and (Q2 − q2?) respectively in the integrands of the corresponding integral equations.
Following the terminology of ref. [14] we call the corresponding contributions to the
evolution kernels the ’ladder’ and ’Altarelli - Parisi ’ contributions respectively.
5. We shall ’unfold’ the eikonal form factors in order to treat real emission and virtual
correction terms on equal footing.






















12(Q2 − zq2?) + 6(Q2 − q2?)
(
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where we have put explicit numbers for the factors CA and CF , and also introduced the singlet
spin dependent unintegrated quark distributions:
fΣ = 
NF
i=1(fqi + fq¯i) . (12)
The ’non-singlet’ quark distributions evolve as fΣ but without the gluon contribution on the
r.h.s. of the integral equation.
In equations (10) and (11) we set the upper limit of integration over dz equal to 1 instead
of 1 − Q0/q since the integrands are free from singularities at z = 1. It should be noted that
~k0? = ~k? + (1− z)~q?. It should also be noted that the inhomogeneous terms  ~f 0g and  ~f 0Σ in
equations (10) and (11) do not contain the Sudakov form-factors. They can be chosen to have
(for instance) the Gaussian form in k? normalized to unity and multiplied by the input (inte-
grated) distributions at the scale Q2 = Q20. The latter could be taken from one of the existing
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(LO) QCD analysis of spin dependent parton distributions. To be precise the inhomogeneous
terms are related to the starting distributions at the reference scale Q20 in the ’single loop’
approximation [15, 16] corresponding to the replacement (Q2 − zq2?) by (Q2 − q2?) in the
integrals in equations (10,11), since in general the integrals containing the function (Q2−zq2?)
do not vanish at Q2 = Q20. Parameterization of the driving term in terms of the parton distri-
bution may be regarded as a reasonable approximation, particularly in the region of large and
moderately small values of x which is dominated by the single loop approximation.
Taking the Fourier-Bessel transform on both sides of equations (10) and (11) we get the
following equations for the distributions fg(x, b
2
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J0[b?(1− z)q?](z − x)
[ (
12(Q2 − zq2?) + 6(Q2 − q2?)
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J0[b?(1− z)q?](z − x)
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From a physical point of view one can interpret b? as an ’impact parameter’ giving the transverse




























































































?)− fg(x, b2?, q2?)
(1− z)









































































































































The contribution for the quark non-singlet part can be simply obtained from the expressions
for the singlet part leaving simply out all gluonic contributions:












































































The expressions show that except for the scale of αs and the occurrence of the Bessel
function J0 the expression match exactly the ones derived in [14] calculating ladder diagrams
and combining this with the Altarelli Parisi evolution. This shows the tight relationship that
can be shown between CCFM and the ladder contributions.
4 Inclusion of non-ladder diagrams
There is a third contribution to the evolution of unintegrated parton distributions which is not
covered by the ’Altarelli - Parisi +ladder’ approximation of modied pCCFM equation, these
are the non-ladder bremsstrahlung contributions. The method of implementing the non-ladder
bremsstrahlung corrections in general into the double logarithmic resummation was proposed
by Kirschner and Lipatov [13]. For integrated polarized parton distributions they have been
implemented in Ref. [14]. In the two-scale unintegrated case one can simply add them by
analogy to the Altarelli - Parisi and ladder contribution by inserting the factor J0(b?q?(1−z)).





























































































?)− f g(x, b2?, q2?)
(1− z)



































































































































































































































































The contribution for the quark non-singlet part can be simply obtained from the expressions
for the singlet part leaving simply out all gluonic contributions:
f q NS(x, b
2
?, Q


















































































































































































(z) = 2piαsM8 ln
2(z) , (25)


















5.1 The input distributions
For the polarized input distributions we are going to use the parameterization given in [17].
The structure of the integrated input distributions is a factor multiplied with the unpolarized
input distributions given in [18]. As we have ’de-exponentiated’ the eikonal form factor in the
evolution equations, the input distributions have to be Q2 independent. This is dierent from
the usual CCFM-input distributions, where one uses for the Q2 dependence the corresponding
eikonal form factor [19]. For the k? dependence of the input distributions a Gaussian Ansatz
is common [19]. In this way the input distribution as dened on an input scale Q20 have the
following general scheme:
 ~f 0i (x, k
2
?, Q






















0) are the input integrated spin dependent parton distributions at the reference
scale Q20.
5.2 Features of the evolution
Setting b? = 0 in Eqs. (14) and (13), one obtains evolution equations for the integrated polar-
ized parton distributions equivalent to those given in [14]. Therefore, the x and Q2 dependence
of the unintegrated parton distributions will be exactly the same as given by the Altarelli
Parisi evolution equations supplemented by ladder and non-ladder contributions. In this way
the polarized CCFM equation as discussed here is consistent with the standard evolution of
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the integrated polarized parton distributions. In fact the whole transverse momentum depen-
dence is governed by the inclusion of the factor J0(b?q?(1− z)). In principle, the only genuine
new feature of the CCFM equation is the k? (or b?) dependence. At large and moderately
small values of x one can make the ’single-loop’ approximation [15, 16] corresponding to the
replacement (Q2− zq2?) by just (Q2− q2?) in the ’ladder’ contribution and to neglecting the
’non-ladder’ contribution. At b? = 0 the pCCFM equation in the single loop approximation
equation reduces then to the LO Altarelli-Parisi equation in the integral form.
Numerically, we perform the evolution using the Chebyshev approximation technique as
discussed in the Appendix. The calculation is very time consuming, therefore, we take only 8
polynomials in all cases into account. As the Bessel function J0 is oscillating the correspond-
ing integration is numerically quite problematic. As a pragmatical solution the integration is
only performed up to the fourth zero. We have checked that this procedure provides stable
results. As the mathematical structure is the same for singlet and non-singlet contributions
we can restrict ourselves for the discussion of the k? dependence to the simple non-singlet




u + u−d− d
)
. The input distributions at Q20 = 0.26 GeV
2 are compared to the
evolved distributions at Q2 = 10.0 GeV2 and Q2 = 100.0 GeV2. The width of the initial
transverse momentum dependence σ has been chosen to be 1 GeV. For the simulation the full
content of the equation, the Altarelli-Parisi, ladder and non-ladder contributions all have been
included. It is seen that due to the evolution the k? dependence is broadening away from a
Gaussian behavior to a more purely exponential decay. Such a feature has already been seen
in the purely gluonic formulation of the genuine polarized CCFM equation as discussed in [9].
6 Summary and conclusions
In this paper we have given a polarized version of the CCFM equation (pCCFM) including
quarks and gluons which is an extension of the pure gluonic description given in [9]. We have
modied this pCCFM equation to an approximate description, which contains contributions
of the type of ’Altarelli Parisi’, ’ladder’ and ’non-ladder’ and which correspond to respective
contributions in the integrated case. We have utilized the fact that these equations can be
diagonalized using the Fourier-Bessel transformation with the ’impact parameter’ b?. The nice
feature of this transformation is that by simply setting b? = 0 one obtains already the corre-
sponding expressions for the integrated parton distributions. In fact, the dierence between
both is only a factor J0(b?q?(1− z)). As to the b? dependence the mathematical structure is
the same for the non-singlet and singlet contributions to the unintegrated parton distributions.
Using the technique of the Chebyshev approximation we have performed the evolution for the
triplet distribution f3 and observed a characteristic k? broadening away from the Gaussian
form to a more exponential decay. The relationship between pCCFM for unintegrated parton
distributions and the evolution of integrated parton distributions is displayed in Fig. 3. The
pCCFM equation corresponds to the Altarelli-Parisi part plus ladder contributions in the evo-
lution of the unintegrated parton distributions. The non-ladder contributions have to be added
by hand. As the only dierence in the evolution kernels for the integrated and the unintegrated
parton distributions in Fourier space is the factor J0(b?q?(1− z)), which becomes unity as the
transverse impact parameter b? goes to zero, it is clear that the diagram between transverse
integration and evolution shown in Fig. 3 commutes.
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u + u−d− d
)
under modied pCCFM evolution (approximate form: Altarelli Parisi
+ ladder + non-ladder). The thin lines show the input distributions for Q20 = 0.26 GeV
2 for
x = 0.1 (solid) and x = 0.01 (dashed), while the bold lines show the same distribution evolved
to Q2 = 10 GeV2 (top) and Q2 = 100 GeV2 (bottom). It can be seen from the logarithmical
scale that the evolution leads to a k? broadening away from the Gaussian shape to a mere
simple exponential decay.
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Figure 3: Relationship between the pCCFM evolution and its modied approximate form
for unintegrated parton distributions on the one hand and the evolution of integrated parton
distributions on the other hand.
The next step will be to use the polarized CCFM equation as presented here to construct
a consistent set of unintegrated polarized parton distributions from existing data.
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Appendix
Approximation by Chebyshev polynomials
A possible diagonalization of the problem from a mathematical point of view would be the
transformation of the pCCFM equation (here using the weaker constraint (Q − zq?)) into
Mellin space:
(PCCFM ⊗f)(ω, b2?, Q2) =
∫ 1
0































Unfortunately, it turns out that the back transformation after evolution, especially as regards
the small-x region, is numerically quite problematic. Therefore, we take a dierent approach
here, where both the q? and the x dependence is expanded into properly chosen Chebyshev









1− x2 dx =


0 i 6= j
pi
2
i = j 6= 0
pi i = j = 0
. (30)




















0 i 6= j
N
2
i = j 6= 0
N i = j = 0
. (32)













































which is exact on all x
(N)
k , k = 1, . . . , N . Therefore, one can always substitute the continuous











































− 1 . (36)
Correspondingly for an xmin small enough one can dene a second set of variables:
y = 1− 2 ln x
ln xmin




1− 2 ln z
lnxmin
)
= T n(z) . (37)
In this way one can expand:
 f(x, b?, q2?) =
∑
ij
 fij(b?)ciTi−1(t0)cjT j−1(x) , (38)
where c1 = 1/2 and ck = 1 in all other cases. In this way the CCFM equation transforms to a
simple set of linear equations:
 f(x, b2?, Q
2) =  f 0(x, b2?) + (P
CCFM ⊗ f)(x, b2?, Q2)












































































The generalization for the gluon and quark singlet matrix valued expression is straightforward.
The form of the master equation (39) has now the advantage that one has to handle only a
simple two dimensional integration. For some contributions of the Altarelli-Parisi like type the
expressions are diagonal in x and q2?. In those cases more simple expressions are possible:



























































































where tj is again the j-th zero of TN(t).
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